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Abstract
In this paper, several new algebraic mathematics for positive fuzzy numbers of type (a;a;a;a) are devised and do not
need the computation of a-cut of the fuzzy number. Direct mathematical expressions to evaluate exponential, square
root, logarithms, inverse exponential etc. of positive fuzzy numbers of type (a;a;a;a) are obtained using the basic
analytical principles of algebraic mathematics and Taylor series expansion. At the end, Various numerical examples
are also solved to demonstrate the use of contrived expressions.
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1 Introduction
Algebraic equations involving fuzzy numbers are an important application of fuzzy set theory. Fuzzy numbers
can be used for expert system reasoning, fuzzy process modeling and control, and so forth. Previous studies on fuzzy
numbers have shown that there are no opposite and reverse fuzzy numbers in the sense of group structure [1]-[3].
Fuzzy systems including fuzzy set theory and fuzzy logic have many successful applications. Sophisticated fuzzy
set theoretic methods have been applied to various areas ranging from fuzzy topological spaces to quantum optics,
medicine and so on [4, 5]. Singh [16] introduced a Common Fixed Point Theorems in Non-archimedean Fuzzy Metric
Spaces.
But Most of the recent research work on special behavior of fuzzy numbers like factorial, exponential, logarithmic
and trigonometric is limited and much of the work is concentrated on linear fuzzy system of equations and their
applications [6, 7]. A good and a detailed representation of fuzzy numbers in the domain of combinatory and their
related arithmetic behavior is described by Kauffman and Gupta [8] but the method of explanation is based upon the
a-cut approach and a clear view of its application on triangular fuzzy numbers is not adequately comprehendible.
Rezvani [10]-[15] evaluated the system of Fuzzy Numbers. Moreover, Rezvani [13] proposed a new method for
ranking in perimeters of two generalized trapezoidal fuzzy numbers. Also Some of the interesting arithmetic work on
fuzzy numbers can be found in Abhinav Bansal in [9].
In this paper, several new algebraic mathematics for positive fuzzy numbers of type (a;a;a;a) are devised and do not
need the computation of a-cut of the fuzzy number. Direct mathematical expressions to evaluate exponential, square
root, logarithms, inverse exponential etc. of positive fuzzy numbers of type (a;a;a;a) are obtained using the basic
analytical principles of algebraic mathematics and Taylor series expansion. At the end, Various numerical examples
are also solved to demonstrate the use of contrived expressions.
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2 Preliminaries
Deﬁnition 2.1. Generally, a generalized fuzzy number A is described as any fuzzy subset of the real line R, whose
membership function mA(a) satisﬁes the following conditions:
(i) mA(a) is a continuous mapping from R to the closed interval [0,1],
(ii) mA(a) = 0, −¥ < a ≤ r,
(iii) mA(a) = L(a) is strictly increasing on [r;r],
(iv) mA(a) = w, r ≤ a ≤ r,
(v) mA(a) = R(a) is strictly decreasing on [r;r],
(v) mA(a) = 0, r ≤ a < ¥,
where 0 < w ≤ 1 and r, r, r and r are real numbers.
We call this type of generalized fuzzy number a trapezoidal fuzzy number, and it is denoted by A = (r;r;r;r;w)LR.
When w = 1, this type of generalized fuzzy number is called normal fuzzy number, and is represented by A =
(r;r;r;r)LR.
Let L−1 and R−1 be the inverse function of functions L and R respectively, then the graded mean h−level value
of A = (r;r;r;r)LR is
h[L−1(h)+R−1(h)]
2 .
Therefore, the graded mean integration representation of generalized trapezoidal fuzzy number A with grade w is
G(A) =
∫ 1
0
h(
L−1(h)+R−1(h)
2
)dh=
∫ 1
0
h dh: (2.1)
where h lies between 0 and w, 0 < w ≤ 1.
Here
L(a) = (
a−r
r−r
); r ≤ a ≤ r; (2.2)
and
R(a) = (
a−r
r−r
); r ≤ a ≤ r; (2.3)
then
L−1(h) = r+(r−r)h; 0 ≤ h ≤ 1; (2.4)
R−1(h) = r+(r−r)h; 0 ≤ h ≤ 1; (2.5)
and
L−1(h)+R−1(h)
2
=
(r+r)+(r−r−r+r)h
2
: (2.6)
Now, using the (2.1) the graded mean integration representation of A is
G(A) =
∫ 1
0
h[
(r+r)+(r−r−r+r)h
2
]dh=
∫ 1
0
h dh (2.7)
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=
∫ 1
0
[
(r+r)h
2
+(r−r−r+r)h2=2]dh=
∫ 1
0
h dh (2.8)
=
(r+r)
4
+
(r−r−r+r)
6
=
1
2
(2.9)
=
(r+r)
4
+
(r−r−r+r)
6
=
1
2
(2.10)
=
r+r
2
+
r−r−r+r
3
=
r+2r+2r+r
6
: (2.11)
Deﬁnition 2.2. Two LR fuzzy number A1 = (r1; r1; r1; r1)LR and A2 = (r2; r2; r2; r2)LR are said to be equal if and
only if
r1 = r2; r1 = r2; r1 = r2; r1 = r2: (2.12)
Deﬁnition 2.3. Suppose that A1 = (r1; r1; r1; r1;w1)LR and A2 = (r2; r2; r2; r2;w2)LR are two generalized fuzzy
numbers. Let w = min{w1;w2}. Some arithmetical operations results could be well deﬁned as follows
(a) The addition of A1 and A2 is
A1
⊕
A2 = (r1+r2; r1+r2; r1+r2; r1+r2): (2.13)
Where r1;r2; r1;r2; r1;r2; r1;r2 are all real numbers, and r1;r2; r1;r2 are positive.
(b) The multiplication of A1 and A2 is
A1
⊗
A2 = (r;r;r;r)LR: (2.14)
Where T = {r1r2; r1r2; r1r2; r1r2}, T1 = {r1r2; r1r2; r1r2; r1r2} and r = min T = kth element of T, r = max T = lth
element of T, Then r = kth element of T1 and r = lth element of T1, where 1 ≤ k ≤ 4, 1 ≤ l ≤ 4.
(c) −A2 = (−r2; −r2; r2; r2)LR, then
A1⊖A2 = A1
⊕
(−A2) = (r1−r2; r1−r2; r1+r2; r1+r2)LR: (2.15)
(d) Let m ∈ R+, A = (r;r;r;r)LR, then
m
⊗
A = (mr;mr;mr;mr)LR; (2.16)
if m ∈ R−, A = (r;r;r;r)LR, then
m
⊗
A = (mr;mr;| m | r;| m | r)LR: (2.17)
(e) 1=A2 = (1=r2; 1=r2; 1=r2; 1=r2;)LR,
we have A1=A2 = (r1=r2; r1=r2; r1=r2; r1=r2;)LR; where if r1;r2; r1;r2; r1;r2; r1;r2 are all nonzero positive real
numbers.
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3 Non linear arithmetic operations
Deﬁnition 3.1. The modulus of a positive trapezoidal fuzzy number A = (r;r;r;r) is proposed as follows:
| A |=| (r;r;r;r) |=

 
 
(r;r;r;r); A ≥ 0,
(−r;−r;r;r); A ≤ 0.
Deﬁnition 3.2. The square root of a positive trapezoidal fuzzy number A = (r;r;r;r) > 0 is obtained as follows:
√
A =
√
(r;r;r;r) = (a;b;c;d) ⇒ (a;b;c;d)2 = (r;r;r;r): (3.18)
on applying the multiplication rule from deﬁnition, If A1 > 0 and A2 > 0 then
(r1; r1; r1; r1)LR
⊗
(r2; r2; r2; r2)LR ∼ = (r; r; r; r)LR; (3.19)
we get √
(r; r; r; r) = (
√
r;
√
r−
√
r−r;
√
r+r−
√
r;
√
r+r−
√
r): (3.20)
which is again a positive LR type fuzzy number.
Deﬁnition 3.3. Using the multiplication rule for two positive fuzzy numbers:
If A1 > 0 and A2 > 0 then
(r1; r1; r1; r1)LR
⊗
(r2; r2; r2; r2)LR ∼ = (r; r; r; r)LR; (3.21)
Where T = {r1r2; r1r2; r1r2; r1r2}, T1 = {r1r2; r1r2; r1r2; r1r2} and r = min T = kth element of T, r = max T = lth
element of T, Then r = kth element of T1 and r = lth element of T1, where 1 ≤ k ≤ 4, 1 ≤ l ≤ 4.
we can have a general formula for the nth (n > 0) power of (r1; r1; r1; r1)LR
(r1; r1; r1; r1)n = (r; r; r; r); (3.22)
Where T = {r
n
1; r
n−1
1 r1; r
n−1
1 r1; r
n−2
1 r
2
1}, T1 = {r
n−2
1 r
2
1; r
n−1
1 r1; r
n−1
1 r1; r
n
1}, and r = min T = kth element of T,
r = max T = lth element of T, Then r = kth element of T1 and r = lth element of T1, where 1 ≤ k ≤ 4, 1 ≤ l ≤ 4.
(−(r1; r1; r1; r1))n :
A general recursive formula for −A1 = (−(r1; r1; r1; r1))n is obtained as follows:
(−(r1; r1; r1; r1))n =

 
 
(r1; r1; r1; r1)n; n ∈ even,
(−(r1; r1; r1; r1))n; n ∈ odd.
It is to be noted that −(r1; r1; r1; r1)n = (−r; −r; r; r) where
T = {(−1)n r
n
1; (−1)n r
n−1
1 r1; (−1)n r
n−1
1 r1; (−1)n r
n−2
1 r
2
1}, T1 = {r
n−2
1 r
2
1; r
n−1
1 r1; r
n−1
1 r1; r
n
1}, and r = min T = kth
element of T, r = max T = lth element of T, Then r = kth element of T1 and r = lth element of T1, where 1 ≤ k ≤ 4,
1 ≤ l ≤ 4.
However multiplication with (-1) changes the number from LR type trapezoidal fuzzy number to RL type trapezoidal
fuzzy number.
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4 Exponential of a non negative trapezoidal fuzzy number
we intend to formulate the exponential of a fuzzy number using the taylor series expansion method. Since expo-
nential of a real number is deﬁned as follows, we will extend the same formula for a trapezoidal fuzzy number
ex = 1+
x
1!
+
x2
2!
+
x3
3!
+:::; −¥ < x < ¥ (4.23)
For x = (r;r;r;r); we have
e(r1;r1;r1;r1) = 1+
(r1;r1;r1;r1)
1!
+
(r1;r1;r1;r1)2
2!
+
(r1;r1;r1;r1)3
3!
+:::; x ≥ 0 (4.24)
(r1;r1;r1;r1)2 = (r2
1; r1r2; r1r2; r2
2); (4.25)
Where T = (r1
2
; r1r1; r1r1; r1
2
) and T1 = (r1
2
; r1r1; r1r1; r1
2
).
(r1;r1;r1;r1)3 = (r3
1; r2
1r2; r2
1r2; r1r2
2); (4.26)
Where T = (r1
3
; r
2
1r1; r
2
1r1; r1r1
2
) and T1 = (r1r1; r
2
1r1; r
2
1r1; r1
3
).
Similarly using the general recursive formula for (r1;r1;r1;r1)n we have:
e(r1;r1;r1;r1) = 1+
(r1;r1;r1;r1)
1!
+
(r1;r1;r1;r1)2
2!
+
(r1;r1;r1;r1)3
3!
+:::; x ≥ 0 (4.27)
e(r1;r1;r1;r1) = (1;0;0;0)+
¥
å
i=1
(r1;r1;r1;r1)i
i!
(4.28)
⇒ (1+
r2
1
2!
+
r3
1
3!
+:::);(1+
r1r2
2!
+
r2
1r2
3!
+:::);(1+
r1r2
2!
+
r2
1r2
3!
+:::);(1+
r2
2
2!
+
r1r2
2
3!
+:::) (4.29)
⇒ (er; er −er−r; er+r −er; er+r −er): (4.30)
5 Inverse Exponential of a non negative and Logarithm of a positive triangular fuzzy number
Using deﬁnition
e−(r;r;r;r) =
1
(r;r;r;r)
= (
1
er;
1
er −er−r;
1
er+r −er
;
1
er+r −er
)LR; (5.31)
and
loge (r;r;r;r) = (a;b;c;d) ⇒ e(a;b;c;d) = (r;r;r;r) (5.32)
⇒ a = loge r (5.33)
⇒ b = loge r−loge (r−r) = loge
r
r−r
(5.34)
⇒ c = loge (r+r)−loge r = loge
r+r
r
(5.35)
⇒ d = loge (r+r)−loge r = loge
r+r
r
(5.36)
⇒ loge (r;r;r;r) = (loger; loge
r
r−r
; loge
r+r
r
; loge
r+r
r
) (5.37)
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6 Positive solutions of (r;r;r;r)1=n
If A1 > 0 and A2 > 0 then
(r1; r1; r1; r1)LR
⊗
(r2; r2; r2; r2)LR ∼ = (r; r; r; r)LR (6.38)
Where T ={r1r2; r1r2; r1r2; r1r2}, T1 ={r1r2; r1r2; r1r2; r1r2} and r =min T =kth element of T, r =max T =lth
element of T, Then r = kth element of T1 and r = lth element of T1, where 1 ≤ k ≤ 4, 1 ≤ l ≤ 4.
Using this multiplication rule we can evaluate the nth (n > 0) positive root of a fuzzy number as:
(r;r;r;r)1=n ≃ (r1=n;
r r1=n
rn
;
r r1=n
rn
;
r r1=n
rn
) (6.39)
Theorem 6.1. We can show (r;r;r;r)1=2 ≃ (r1=2; r r−1=2
2 ; r r−1=2
2 ; r r−1=2
2 ).
Proof. For small spreads
√
(r; r; r; r) = (
√
r;
√
r−
√
r−r;
√
r+r−
√
r;
√
r+r−
√
r) (6.40)
reduces to
(r;r;r;r)1=2 = (r1=2; r1=2−(r−r)1=2; (r+r)1=2−r1=2; (r+r)1=2−r1=2); (6.41)
From binomial expansion
(1+x)n = 1+nx; x < 1 (6.42)
So
r1=2−(r−r)1=2 = r1=2(1−(1−
r
2r
)) =
r r−1=2
2
; (6.43)
(r+r)1=2−r1=2 = r1=2((1+
r
2r
)−1) =
r r−1=2
2
; (6.44)
(r+r)1=2−r1=2 = r1=2((1+
r
2r
)−1) =
r r−1=2
2
: (6.45)
Thus,
(r;r;r;r)1=2 ≃ (r1=2;
r r−1=2
2
;
r r−1=2
2
;
r r−1=2
2
): (6.46)
Corollary 6.1. (i) A
A2
1 if A1 > 0, A2 ≥ 0,
Let A1 = (r1; r1; r1; r1), A2 = (r2; r2; r2; r2)
(r1; r1; r1; r1)(r2; r2; r2; r2) = e(r2; r2; r2; r2)ln(r1; r1; r1; r1) = (6.47)
e
(r2; r2; r2; r2)(loge r1; loge
r1
r1−r1
; loge
r1+r1
r1
; loge
r1+r1
r1
)
: (6.48)
on further solving we get:
(r1; r1; r1; r1)(r2; r2; r2; r2) = (6.49)
(r
r2
1 ; r
r2
1 −(r1−r1)(r2−r2); (r1+r1)(r2+r2)−r
r2
1 ; (r1+r1)(r2+r2)−r
r2
1 ): (6.50)
(ii) ba where b ≥ 1 and a ≥ 1,
Let a = (r;r;r;r),
ba = ealnb = (ar; ar −ar−r; ar+r −ar; ar+r −ar): (6.51)
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7 Examples
Example 7.1. Let we have ex =
√
(7;6;3;1), So discovery positive solution of equation
ex =
√
(7;6;3;1) = (
√
7;
√
7−
√
7−6;
√
7+3−
√
7;
√
7+1−
√
7) (7.52)
= (2:64;1:64;0:52;0:19) (7.53)
x = ln(2:64;1:64;0:52;0:19) (7.54)
= (ln2:64;ln
2:64
2:64−1:64
;ln
2:64+0:52
2:64
;ln
2:64+0:19
2:64
) (7.55)
= (ln2:64;ln2:64;ln1:2;ln1:07) = (0:97;0:97;0:18;0:07): (7.56)
Example 7.2. energy formula is K = 1
2mv2, K=(10, 6, 4, 1) and m=50. so solve this equation:
v =
√
2k
2
= (
√
0:4;
√
0:24;
√
0:16;
√
0:04) = (0:63;0:48;0:4;0:2): (7.57)
Example 7.3. [9] Solve
√
x+
√
x+
√
x+:::¥ where x = (12;9;6;3).
SolutionThegivenequationcanberewrittenas
√
x+z=z, Letz=(a;b;c;d), therefore
√
(12+a;9+b;6+c;3+d)=
(a;b;c;d), √
12+a = a ⇒ a2−a−12 = 0 ⇒ (a−4)(a+3) = 0 ⇒ a = 4; (7.58)
√
12+a−
√
12+a−9−b = b ⇒ 4−
√
7−b = b ⇒ b2−7b+9 = 0 ⇒ b = 1:7; (7.59)
√
12+a+6+c−
√
12+a = c ⇒
√
22+c−4 = c ⇒ c2+7c−6 = 0 ⇒ c = 0:77; (7.60)
√
12+a+3+d−
√
12+a = d ⇒
√
19+d−4 = d ⇒ d2+7d−3 = 0 ⇒ d = 0:4: (7.61)
Hence the LR type positive fuzzy solution is (4;1:7;0:77;0:4):
Example 7.4. [9] Evaluate the positive fuzzy solution of
(125;5;4;2)1=3 ≃ (1251=3;
5×1251=3
125×3
;
4×1251=3
125×3
;
2×1251=3
125×3
) (7.62)
≃ (5;1=15;4=75;2=75) = (5;0:06;0:05;0:03): (7.63)
8 Conclusion
In this paper a speciﬁc attention is given to positive fuzzy numbers of type (a;a;a;a) and the related mathematical
expressions for evaluation of logarithm, exponential, inverse exponential, nth positive root etc. For example in order
to derive the exponential of a positive fuzzy number (a;a;a;a), taylor series expansion for the exponent is used along
with simple mathematical multiplication of two positive triangular fuzzy numbers.
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